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Absiract. Motivaied by the Swendsen—Wang aigorithm for the Ising model with no
external magnetic field we consider a particle system on a discrete lattice evolving
according to the following parallel algorithm: at each time step connected clusters of
particles are removed with probability % and at each empty site a particle is created
with probability p. Due to the presence of arbitrarily large clusters the interaction can
have an arbitrary range. In the one-dimensional case we solve the model completely
by means of a novel path expansion in spacetime. In the two-dimensional case we
show that, due to strong time correlation, the probability of having a large cluster of
particles does not rapidly decay exponentially in the cardinality of the cluster even
for p very small, We then prove ergodicity for 1 — p close to zero.

1. Imntroduction

In the last few years, stimulated by the beautiful work by Swendsen and Wang {1], there
has been an increasing interest in computational physics in the so-called stochastic
cluster algorithms for the Monte Carlo simulation of models of statistical physics such
as the Ising and Potts models, and frustrated systems (see [2-5]}.

In these algorithms, contrary to the more traditional single-site algorithm like
Glauber dynamics, at each time step one is allowed to change a whole cluster of
dynamic variables simultaneously (e.g. the spins in the Ising model}. The result is,
in general, a better numerical efficiency for the algorithm and a faster convergence of
the Monte Carlo simulation,

From a rigorous point of view stochastic cluster algorithms have received little
attention and only recently have some partial results for the Swendsen-Wang (sw)
dynamics been obtained (see [6-8]). In particular in [7]} and [8] in collaboration with E
Olivieri we successfully analysed the low temperature behaviour of the SW algorithm
for the d-dimensional Ising model in the presence of a small magnetic field. In sw
dynamics the effect of an external field £ in updating a large cluster of spins produces
an almost sure move in the sense that putting the new values of the spins in a cluster ¢
antiparallel to the field has an exponentially small probability in the cardinality of the
cluster. This feature allowed us to control the flow of information through the system
by means of simple expansions, that is ihe infiuence among distant regions and as a
consequence the rate of approach to the equilibriumn. However the very interesting case
of the zero external field remained open. In this case each cluster becomes either plus
or minus with probability % irespective of its size and therefore a rigorous analysis of
the dynamics becomes much harder.
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Motivated by this problem we consider here as a laboratory a simple stochastic
cluster dynamics which shares with the sw algorithm without an external field the
property that the probability that the updating of clusters of dynamical variables
(particles in our casej occurs is independent of the geometry of the cluster.

The setting is as follows: at each point z in the box A = [-L, L}*NZ? we associate
an occupation variable o{z) with values 0 or 1; given a configuration o, at time ¢ in
order to define the new configuration o, at time t + 1 we first consider all connected
clusters of particles (sites at which the configuration e, is equal to 1) and we remove
each cluster independently with probability %; as a second step we create particles in
each empty site independently with probability p.

This dynamics is similar to a model considered by Swindle and Grannan in [9)
although in their model clusters disappear with a rate proportional to their size.
We will be primarily interested in the long time behaviour of this stochastic cluster
dynamics and, in particular, in such questions as ergodicity, approach to equilibrium

. and the mixing properties of the invariant measure. It turns out that, in order to carry
out this analysis, it is crucial to control the range of the interaction namely the typical
size of the clusters. Thus we will concentrate on estimates of the probability that the
origin belongs to a big cluster consisting of n particles. In the one-dimensional case
this probability is bounded by a negative exponential in n for any p € (0,1). As a
consequence we can then prove for all p the exponential convergence as { tends to
infinity of the distribution of the process at time f to the unique invariant measure
together with the exponential decay of correlations of the invariant measure. The
proof, based on a novel expansion in spacetime, is quite simple for small values of p
but is non-trivial for p close to 1.

In dimensions greater than one the situation changes radically. For any p €(0,1) we
prove that this probability cannot be bounded from above by a negative exponential
in the nurnber of sites of the cluster. More precisely, if ¢, (1) denotes the probability
that the cube Q,, of side n centred at the origin is filled with particles at time ¢, then
we prove that, for suitable constants ¢,, ¢,, o, 8 1f £ > ¢, N, we have:

2,(t) > exp(—cyn) ¥p>0 (1.1a)
1

-%an(t)?_— ifl—p<l. (1.18)

2] n<

It follows from this that if Py () denotes the probability that the origin belongs to
a cluster of volume V, then P, (1) > exp(-V'/4), i.e. a subezponential decay in the
size of the cluster. It is important to understand intuitively the reason behind such a
striking difference between d = 1 and 4 > 2 and particularly in the low activity regime
p € 1 which for other systems does not discriminate between different dimensions.
For simplicity we illustrate the argument for the two-dimensional case. Among
many others there are two basic possible mechanisms which fill the square Q_ with
particles at time ¢. The simplest one is to create a particle at each site of ), at time
t. This has probability p"g. A more sophisticated way is first to create a particle
at each site of the boundary 8Q,, at a previous time t’ with t —t' > n/p and then
to impose the condition that the cluster of particles containing the boundary of @,
never disappears for any time s between t' and t. It is easy to see that under this
last condition the cluster containing the boundary of ), with a probability close
to one grows under the random dynamics and that it will cover the whole interior
of @, before time t. Therefore the probability of this second strategy s only of



A simple stochastic cluster dynamics: rigorous resulls 3137

order (%)("")p“", namely a negative exponential in n and not in n?, and the system
will prefer this second choice over the first one. In one dimension both strategies
have probabilities of the same order of magnitude and the phenomenon does not take
place. In the case of p close to one the power law bounds (1.15) can be derived by
a similar argument if one observes that, using results from percolation, at each time
¢t and with a probability close to one we create an infinite cluster of particles with
holes whose size grows only logarithmically with their distance from the origin. This
observation can also be used to prove, in the same range of values of p, the ergodicity
and exponential approach to equilibrium. The same problem for p small is not covered
by the methods of the present paper. After this paper was completed one of us (FM)
envisaged a strategy with which to treat the SW dynamics at low temperature without
a magnetic field {10]. Such a strategy also applies to the present model and proves
fast convergence to equilibrium and the uniqueness of the invariant measure even for p
small. The similarity of the dynamics discussed here to the SW dynamics is, however,
less close than it appears at first glance. The SW dynamics is highly non-local, but
its invariant measure is the standard nearesi-neighbour Ising model. By contrast, the
invariant measure of the present model is (at least in dimension d > 2) not the Gibbs
measure for any absolutely summable interaction! This follows from the fact that the
probability (in the invariant measure) of having a square of side N completely filled
with particles decays suberponentially in the volume V = N?, whereas in any Gibbs
state measure it would have to decay exponentially in V. Similar results are found in
f11] for the voter model and in [12] and [13] for the sign of a massless Gaussian field.
Our results support the contention of Lebowitz and Schonmann {11} that invariant
measures in non-equilibrium statistical mechanics should be expected generically to
be non-Gibbsian.

2. The model

In this section we define more precisely the model that will be investigated in the
present paper and we will prove some simple general results about it that will be quite
useful later on.

Let A = [—L,L]* N Z* and let C, be the collection of all possible connected
subsets I of A. Here [ is connected iff for any two sites & and y there exists a path of
nearest-neighbours sites in [ going from z to y.

Let also {v{2,5)}pen sen 2nd {€(1,5)}/ec, sen be independent identically dis-
tributed (i.i.d.) random variables with values in {0, 1} with:

Plv(z,s)=1)=p PE(ILs)=1)=3.

For brevity a realization of the v{z,s) and (I, s) variables will be denoted by v
and ¢ respectively. On each site £ of A we will associate an occupation variable o(z}
taking values in {0,1}; for brevity the collection of the variables (o(z));¢, will be
denoted by ¢. Thus ¢ is an element of the configuration space S = {0,1}*. Using
the random variable v, £ we now construct on S a random dynamics starting at the
configuration ¢ at time ¢ = 0 as follows:

(i) Given ¢ € S we set for any z € A:

crf‘+%(m) =1 iff o(z) = 1 and &(7,,1) =1
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where I, is the maximal element of C, containing z such that ¢ (y) = 1Vy e I.
(ii) For any x € A:

ol (z) =0 iff 0';\_’_%(17) =0and v(t+1,2z)=0.

For brevity we will refer to (i) as the annihilation of particles and to (ii) as the
creation of particles. Note that both processes occur simultaneously (i.e. the updating
is parallel) and that the non-trivial interaction of the model is completely contained
in the annihilation process.

We will refer to these rules as the ‘basic dynamics in A’. The associated Markov
process will always be denoted by o, omitting the suflix A for brevity whenever it does
not produce confusion.

It is very easy to check that in any finite volume A there exists a unique invariant
measure that will be denoted by g, .

Later on in this article, when discussing the process’s approach to equilibrium we
will need to compare the dynamics of a given site z produced by two different boxes
A and A’ with A’ C A both containing z. This will be done by establishing a coupling
hetween the two dynamics according to the following rules:

(a) The variables v(x, 5) ¢+ are exactly the same variables as those chosen for the
dynamics in A i.e. if a particle is created inside A’ for the dynamics in A then it is
also created for the dynamics in A’ and vice versa.

(b) The value of £(7, 5) is the same for both dynamics if I C A’

In some sense this coupling is the most natural way to restrict the dynamics in A
to A,

In one dimension, however, there is a more efficient way to realize this coupling
in such a way that the value of the process at a given site r inside A’ will always be
equal for the two dynamics. Rule {a) remains unchanged while (b) becomes:

(c) €(1,5) = §(INA,s).

In other words a cluster J will disappear or stay according to whether its restriction
to A’ disappears or stays. Clearly such a rule is consistent only in one dimension since
in higher dimension I N A’ may consist of more than one cluster. It is important to
realize that this construction of the dynamics in A produces a random flow on § that it
is different from the ‘basic dynamics in A’ without, however, affecting the probability
of any event since the probability of annihilating a cluster does not depend on its size
or shape. )

In one dimension we will always make this last choice.

A nice consequence of this coupling is that in one dimension there is always a
unique invariant measure p for the infinite volume process.

Theorem 2.1.

(i) Let A be the finite interval [—-L, L] N Z, let p, be the associated invariant
measure, and let {2, be a cylindrical event in S depending only on the value of the
configuration ¢ in A C A. Then:

BA(S24) = pa(S2,)

(ii) For any p € (0,1) there exists a unique invariant measure for the infinite
volume Markov process with A = Z.
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Proof.

(i) We use the coupling (a) and (c) with A’ = A. It follows that o}(z) =
of(z) ¥z € A. Thus the result follows trivially.

(i) Because of (i) on any cylindrical event any infinite volume invariant measure
coincides with the finite volume invariant measure and therefore the result follows. [

We conclude this section with a final result valid in the one-dimensional case which will
be most useful in the next section when we will prove the basic probabilistic estimate.
Given a subinterval A of A and a time interval [0,} we denote by 95‘1,:] an arbitrary
event that depends on the process o,,(z) only for s’ € [0,¢] and = € A. In general &'
may be any integer or half integer between 0 and {.

Theorem 2.2. Let A, B, be disjoint subintervals of A such that B separates A from
(. Then for any initial configuartion o:

PEYIN QS N {vs € (0,1 3 € B;o,(x) = 0}) < PO PR,
Proof. Let us choose the following generalization of the coupling (a) and (b’) among
the dynamics in A and the dynamics in A" = AUC: if a cluster T C A intersects A(C)
but not C(A) then it will be updated exactly as INA (INC); in all the other cases the
updating is as in the basic dynamics in A. Clearly under this coupling the probabilities

of interest for us are unchanged. Moreover if ¢ (2) is such that Vs € [0,£]3z € B such
that o, () = 0 then it is quite clear that:

o,(z) = ol(z) Yre A
and the same for C. Thus:
P neB T (Vs € (0,132 € B; o, (2) = 0})

= PU{(o)seton € 2} N (0D g0 € 96)
n{¥s €[0,t]3z € B;s,(z) = 0})

< PH(e) ey € ayn {(0)sepo € ﬂ[g't]})
P({(02)s¢10.1 € ¥ DPH(00), 0.9 € 22

PPl

where we have used theorem 2.1.

3. A basic probabilistic estimate

In this section we will establish a basic probabilistic estimate that will allow us to
derive in the following sections a series of interesting results on the unique invariant
measure of the process and on the rate of approach to equilibrium. The result is stated
in the next theorem:
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Theorem 3.1. For any p € (0,1) there exist positive constants m(p), C(p) such that
for any integer n:

sup P(o,(z) = 1 ¥z € [1,n]) < C(p) exp(~m(p)n) + n2™".

Proof. For brevity let (), ;) be the event considered in the theorem and let us pre-
liminarily note that the event involved in the theorem depends only on the process
for z € {1,n]. Then, using theorem 1.2, we may restrict the dynaimics to the interval
(1,n] avoiding possible problems caused by the infinite volume.

We now turn to the proof of the theorem. Whenever otherwise specified all the
estimates on the probabilities of various events of interest for us will always be uniform
in the initial configuration. As s warm up let us first discuss the easier case p < 1.

The general case will be proved by a very similar argument after collecting variables

imto blocks of suitable size.

Let for any z € [1,n]
h(z) =sup(s € [0,1),s € Nio,_,(z) =0,_,i_y (2} =1Vs <5 —1). (3.1)

Clearly if the process o, is such that, at time t, o,(z) = 1 ¥z € [1,n] then the
variables h(z) are well defined. A generic realization of the random variables (h(z))7_;
will be denoted by ~.

Clearly v can be looked upon as an histogram (see figure 1).

0
ma) |- erLL l_|_|_|_|_|_H—L'
Attl ﬂ
"IiH L |
L1 2 3. N
Figure 1.

We will denote by T, the class of graphs % such that their maximum height is less
than £,
We will now estimate P(2, |} by

P20 S Y P(Q, M {(h(=))2oy = 7)) + P(3z with hx) =1). (3:2)
v€ly

The second term on the right-hand side (RHS) of equation (3.2) is easily estimated
by

nP(o,(0) = o,_1(0) = 1 ¥s 1) < n(})" (3.3)
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We now estimate the first term of (3.2). For a given curve ¥ let L be its total
length, let V" be its vertical length so that L = V + n, let & be the number of right
angles in the curve and P, ..., P, be their positions measured as we move along the
curve. Note that since any right angle has one horizontal side then k cannot exceed
(2n A L). We claim that for any v € T, we have:

P(Q, , N{(h(£));<; = 7}) < P"(H'2. (3.4)

Proof. By construction, for any z, we must have created at z at time ¢ — h(z) > 0
a particle that has lasted up to time ¢. Since the process of creating the particles is
uncorrelated in spacetime we obtain the factor p®. Now let for any half integer time
s, smaller than sup,(h(z)),n(s) be the number of intersections between v and the line
s = constant. It is easy to check that )" n(s) = V. By construction, if {h(z)} = ¥
then for any such s we have n(s)/2 clusters that do not die and this last event has
probability

(%)Zﬂ(a)ﬂ - (%)WZ (3.5)

and (3.4) follows.
We can now estimate ) . P(Q,,N{(h{z))7-, =7}) by

L
PPN b ROIME (36)
L>n k=1
The factor 2¥/2 in (3.6) comes from the fact that at each right angle after a
horizontal step the graph can either increase or decrease. Since k& < 2n we estimate
the RHS of (3.6) by

L
pn/2 Z E({;)gk/2pk/4(%)(1;—n)/2 = pn/2 Z(%)(L—ﬂ)ﬂ(l + (\/éplffl))L (37)

L>nk=1 L>n

which for p small enough is bounded above by
P21+ (V2P ))"C ) (3.8)

for a suitable constant C(p) independent of n. The assertion of the theorem in this
case follows with m(p) = — log(p*/3(1 + (v2p'/%)).

We now turn to the general case w1th p arbitrary. When p is not sufficiently small
the expansion previously given no longer works. To extend the result to p close to 1
the objective is to replace single sites by blocks of length { and to perform the previous
expansion over the blocks. The key ingredient is that, upon renormalization, we will
be able to associate, for a sufficiently large number of blocks, a weight p(!) which goes
to zero as the length [ of the blocks diverges. It will turn cut that in order to obtain
a convergent expansion we will need to take [ = k/f(1 — p) with k£ a large constant
independent of p.

Definition 1. Let forl € N n; = [n/{] and let B; = [il, (i + 1){] N Z; we will denote by
Q,, . theevent {¢,(z) =1Vz € B;i=0,...,n,}. Note that @, , CQ, .. In analogy
with (3.1) we will associate with each block B, a height A(7) defined by:

h(i) = sup(s € [0,f],s e N;o,_,(2) =0, _,i_1/a(x}=1Vz € B;,¥Vs' <s-1). (3.9)

A generic configuration of the random variables {h(:)},_, ., will be denoted
by «y.
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Definition 2. (a) i is a relative maximum for v iff A(i — 1) < h(i) and h(i) > h(d(?})
where d() = min{j > i; A(5) # h(7)}.

(b) i is a terrace for yiff h(i — 1) = A(i) = h(i + 1).

(c) 1 is a local minimum for ¥ iff A(i — 1) > h(2), A(i) < h{d{(i)).

Definition 3. We denote by T' = T(i; ... 4100 Jiipr - Py By - A AL AL
hy...h,) the set of curves y such that:

(1} 7 has exactly k relative maxima at ¢; ...1;;

(2) v has exactly k£ + 1 local minima at j, ... j,;

(8) 7 has exactly g terraces at p,...p, with corresponding heights h, ... A ;

(4) k(i) h(jm+l =4 ;

(5) hip) — h(jm) = &¢ 5

(6) sup; h{(i) <t — (D) where to(1) = (4|log(1 — p)|)~ " log(!) (see figure 2).

Figure 2.

We will now estimate P(£2, ,) by

(ﬂ,)<P(nn,)<ZZ > 2 >

N (ig.. 8k jo.Jk) (pg.upq)(A]...Ak;Ai...A;‘)hl.un‘lq
x P(Q, ,N{y € T}) + P(suph(i) > t — t,(1)). (3.10)
t

The second term on the RHS of (3.10) is estimated as in (3.3) by

n((3)' 0.

The following result, whose proof is for simplicity postponed to the appendix, will
allow us to evaluate a limit for the first term on the RHS of (3.10).

Lemma 3.1. For any p € (0,1) there exists {(p) > 0 such that forany { € N, { > {(p)
there exists a positive constant m({, p) such that:

(i) P(R,,, N{y € T}) < (J)L(ae+a0/2

(il) P(Qy,, N {y € T}) < exp(-m(l, p)(k + q))

(iit) P(Q,, , N {y € T}) < exp (_M_)Q(_U:ﬂ) (LTasairs

Furthermore m(l,p) — oo as [ — oo,
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For simplicity we define m' = m{l,p)/2 and m; = —log(2)/4. By using lemma 3.1
let us estimate the RHS of (3.10). To do that we first make the following elementary
observations:

Remark 1. If we denote by n,, nf, i = 1...k, the number of terraces of v between
Ji—1s 3y and &, 7y respectwely, then the sum over the heights A(i), i = 1...¢, in
(3.10) can be estimated by

n, (12) ((Ai;)!“*) .

This 1s so because for the n; terraces in [j;, 4;] the heights are constrained to be
non-decreasing and to lie between A(j;) and A(:,).

Remark 2. 3" ,(A;+A%) > n; — ¢/2. To prove this simple inequality one first observes
that this sum represents the total vertical length of the curve +; moreover any block
B; which is not a terrace has at least one neighbour with a different height. Thus the
lateral length has to be bigger than the half of the total number of blocks minus the
terraces.

With these observations in mind and using lemma 3.1 we obtain:

RHS of (3.10) < ZZexp ( k +q )( )2(:;')8)(p(—— mo(nzf - Q))

(o (2420) (2 i)

(3.11)
The RHS of (3.11) is now easily estimated if we note that
g
5 B exp (<292 ) < comay
A>0 ¢!
for a suitable constant ¢(m,). The final result is:
n . 2y
exp (_mgn,) (1 + e{mg)exp (—m’ + E;—”)) t (l + exp (—;—l))
iy
< exp (— : m) (3.12)

if m/(1, p) is large encugh.
Clearly this estimate proves the theorem since n; > nfi - 1.
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4. Convergence to the invariant measure

We briefly discuss in this section the convergence of the distribution of the process at
time ¢ to the unique invariant measure of the process as  tends to infinity.

To be precise let f : {0,1}% — R be a cylindrical observable and let S; CZ be the
smallest subset of Z such that f does not depend on the values of the configuration o
outside S;. There is no loss of generality in assuming that S, = [0, L]. Now let A be
such that [0,L] C A. We want to study the time behaviour of the quantity:

py(t) = sup B, £(e) — ()] (4.1)

where as before E, f(o) and p,(f) denote the expectation value of f over the basic
dynamics in A and with respect to the invariant measure in A respectively. The decay
property of this quantity as ¢ — oo may provide a measure of how fast the process
reaches its invariant measure.

As explained in section 1, this quantity does not change if one replaces A with the
interval [0, L]; therefore from now on we will take A = [0, L].

As we have already noticed in the previous section, by standard arguments for
Markov chains with a finite number of states it follows that p,(t) decays exponentially
to zero as ¢ tends to infinity. More precisely there exist two positive constants C; [
and m; such that

p1(t) < Cy g exp(—myt). (4.2)

We want to show that for any p the decay constant m; can be chosen to be
independent of L. More precisely we will prove:

Theorem 4.1. For any p € (0,1) there exist two positive constants m(p) and a(p)
such that for any t > a(p)L we have

pyt) < sup|f(o)|exp(~m(p)t).
a
Proof. Using the invariance of the measure p, we estimate p(t) by

p1() < sup |Eq f(af) = B, f(n)]- (4.3)

We now couple the two dynamics starting from ¢ and 5 in such a way that with
large probability after a time proportional to [ they will become identical. The
coupling goes as follows.

(1) At each time s < ¢ we use exactly the same random variables v(x,s) £(s, {) for
both evolutions.

(ii) Let z(s) be such that o (2) = n,(z) Vz < z(s) and o,(z(s) + 1) # n,(x(s) + 1)
provided that z{s) < L — 1. x(s) may not exist. If such an z(s} exists then for any
cluster I containing z(s) but not entirely contained in [0, z(s)] we replace the variable
£(s,I) with the variable £(s, I N [0,z(s)]).

It is easy to check that these rules are indeed a coupling and that the sites z(s) are
non-decreasing in s, i.e. z(s+ 1) > z(s). It is also clear that if at time s z(s) does not

el e g1 .- . 5] s et - .y IR S 1h 1
exist and at time s+ 1 a particle is created at the origin then necessarily z(s+ 1) > 1.
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Moreover given z(s) the probability that 2(s+ 1) is at least (s} + 1 is greater than p
since the same particles are created at the same time for both the evolutions starting
from o and 5. Therefore the site £(s) moves to the right with an average velocity at
least p. Standard large deviation estimates together with the strong Markov property
now easily give that

su,}r) P(z(t) < L) < exp(—m(p)t) (4.4)

for a suitable constant m(p) > 0 provided that ¢ is, for example, greater than 2L/p.
Since the RHS of (4.3) is estimated by

sup |f(o)] sup P(z(t) < L) . (4.5)

the theorem follows. ]

Remark. It follows from this result that the typical time scale needed to reach equi-
librium in an interval of size L is at most proportional to L. For p small, the multiscale
technique developed in [7] to study the same problem for the sw dynamics for the
Ising model provides a much better result namely a power of log(L). We actually
believe that this result should hold for all p but we have not been able to prove it.

5. Decay of correlations for the invariant measure in the one-dimensional
case

In this section we use the basic probabilistic estimate proved in section 2 to show that
connected correlations of the unique invariant measure decay exponentially in the one
dimensional case.

Let A and B be finite intervals of lengths |A| and |B| separated by the interval D
of length L. Let also f and g be local observables depending only on the value of the
configuration o(z) for z in A and in B respectively and let | f|., denote the sup norm.
We will write {f;g) for the expression:

[y @r90) - ( [ { [ aniorse)). (5.)
J \J J\J /

Then we have:

Theorem 5.1.  For any p € [0, 1} there exist positive constants m'(p), L(p, [A],|B], f, 9)
such that for any L > L(p, [A|,|B|, f,9):

{f;9) < exp(—m'(p)L).

Remark. The constant L(p, |A|,|B|, f,g) does not depend on the mutual distance
between A and B
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Proaf. We first recall the result proved in the previous section: in any finite volume
A the basic dynamics, uniformly in the initial configuration, after a time proportional
to the length L of A, approaches the invariant measure corresponding to that volume
exponentially fast in time with a rate A independent of L. In other words:

sup B, £(o) = [ din (0)1(00)] S Ifl,o exp(-3) 52

for any ¢ > e(p)L where ¢(p) is a positive constant.
Now let m(p) be the positive constant of theorem 3.1 and let T = kL, with k > 0
to be chosen later on. We write:

(ris) = fim B, ate)) - ( [an0)@) ( [auut). (5.3)

The second term on the RHS of (5.3), because of theorem 1.1, is equal to

([ auat1@) [ s 15 (5.4)

where f , is the invariant measure for the basic dynamics restricted to A and the same
for ptg. In order to compute the first term let us denote by 5 or 7P the process at
time s € [0,T7] evolving with the basic dynamics in 4 or in B starting at s = 0 from
the configuration o,_; reached by the basic dynamics in Z at time ¢t — 7. The same
simple argument used in the proof of theorem 1.1 shows that

sup |E, (e )al(o)]) = E, B4 1o (o]

< 2/ floslglos sup P(3s € [t~ T, 8];0,(z) = 1 V= € D) (5.5)

where EAYPB denotes the expectation over the basic dynamics in A and in B. Note
that by construction EAYB() is a product measure EA()EB().
In turn, using theorem 3.1, the RHS of (5.5) is estimated by

kL[C(p) exp(—m(p) L) + 27~ 7)] (5.6)

with C(p) and m(p) as in theorem 2.1.
Moreover, using (5.2),

EAYBf(nYg(nh)) - ] dji, (2)1(0) ] dup (7)a(o)
< 1Floogles xP(=AEL) + fgleo | Floo exp(—AEL) (5.7)

uniformly in the configuration o,_p, provided that kL is greater than c(p)|4| and

e(p)|B|.
Putting (5.3)-(5.7) together we finally get

{f:9) € kL[C(p)exp(~m(p)L) + 270¢=T)]
F1floo 19100 €XP(— AR L) + 9]0 | floo €xP(—2KL). (5.8)

It is clear that by taking the constant k large enough depending on A we can
find a constant L = L(|Al,|B|,p, f,g) such that for all sufficiently large ¢ and for all
L > L(|A|,|B,|,p, f,g) the RHS of (5.8) is less or equal than:

exp(—m(p)L/2)
and the theorem follows. O
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6. The multi-dimensional case

In this section we will analyse in detail the d-dimensional case, d > 1; for simplicity
we will mainly discuss the case d = 2 but the same arguments apply to any d > 2. As
we will see for d > 1 the model becomes much more involved than the one-dimensional
case and new kind of behaviours for the quantities of interest for us will appear.

Let us first give some notation: we will denote by |C| the cardinality of a cluster
C and by 8C the set {z € C;3y ¢ C with |z — y| = 1}. As in the one-dimensional
case, we will first estimate the probability of having a large cluster completely full of
particles because of the important role played by this quantity. We denote by @, the
square of side n on the lattice , @, = [1,n]?, and we define the event:

Q,,={oz)=1foranyz € Q,}. (6.1)

As it will be clear later on, we now have to use completely different techniques from
those used in the one-dimensional case. In particular, even for very small values of p,
an estimate of P(f2, ,) cannot be obtained by means of an expansion in skyscrapers
like the one used in the one-dimensional case. If such an expansion could work than
it would imply an upper bound for the probability in question exponentially small
in the volume of @ i.e. in n?. To our surprise, however, it is possible to prove (see
section 6.1) a lower bound which is only exponentially small in n for all p! In section §.2
we will greatly improve such a bound for p close to one, to obtain upper and lower
bounds for P(,, ,} which decay only as a certain powers of 1/n.

6.1. Bounds on P(RQ, ) valid for ell p
We begin by proving a lower bound:

Theorem 6.1. For all p € (0,1) and n > 4 let T(n,p) = 4n/p; then for all t > T'(n,p)
we have

P(Q, ) > P (3 (6.2)
for some positive constant .

The idea of the proof is very simple: at time ¢t — T(n, p) we create 4n particles on
the boundary of ¢,, and then we impose the condition that these particles survive for
a time T(n,p). The probability of this event is clearly only exponentially small in n.
We will then show that, for n sufficiently large, if the cluster formed by the particles at
the boundary of Q,, survives for a time as long as T(n, p), then it is able to propagate
inside @,, and to fill it up completely with a probability not smaller than a negative
exponential in n.

Procf of theorem 6.1. We define the following event:
O,,={o,(z) = 1Yz €9Q, and Vs € [n,] £(Cy(s),5) =1} (6.3)

where Cy(s) is the cluster at time s contaming 9@,
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For each realization of the dynamics satisfying ©,, we have that Cy(s) is well
defined for all s < ¢ and that the number n(s) of particles in C,(s) is a non-decreasing
function of time:
n(s + 1) > n(s).
We now introduce events that force n(s) to increase at a certain rate:
T, ={0,, holds and Vs € (r,¢] n(s) > n(s — 1) + %m
if n(s - 1) < n® —n},
The probability of the event T, | is estimated by
Lemma 6.1.
P(T, ) 2 p*[3(1 — e orV™))r
where ¢, is a constant proportional to p.

Proof of lemma 6.1. We will estimate P(T, ) recursively by means of the Markov
property. We write

‘P(Fr,t+1) 2 E{X(rr,t) inf EmX(g(C@lt + 1) = 1)

;e holds

(6.4)
x(n{t + 1) > n(t) + g n? — n(1) if n(t) < n? — n)].

If we now denote by B, the set
{z;2 ¢ Cy(t) and Jy € Cy(t); |z —y| =1}
we have the following simple geometric estimate proven later (see lemma 6.2):
1B,| = [8(Q,\Co()] 2 v/n? = n(D). (6.5)
Moreover a simple exponential Chebyshev inequality shows that

P (in B, we create at least ng,l particles at time ¢) > 1 — e~ ¢l (6.6)

where ¢, is a constant proportional to p (¢, > p/12}
Now using {6.5) and (6.6) we can estimate from below the RHS of (6.4) by

P, )31 —emervmy).
If we now iterate the above lower bound ¢ — » times and observe that
P®,,) 2 p"

we get the lemma, It remains to prove (6.5). This in turn follows immediately from
the definition of B, and the next lemma:
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Lemma 6.2. Let us define

_ﬂn):Acgﬂm:“mAL (6.7)
Then
f(n) = 4v/n -1

and, for n > 5, this implies f(n) > /n.
Proof of lemma 6.2. Let I be such that I? < n < (I + 1)?; then

f(n)>41-3 if 2 <n<I(I4+1)

f(r) >4l -1 ifil+ D <n<(+1)°
that is

f(r)>4(1+1)~72>4y/n ~T7. (6.8)

In order to complete the proof of the theorem we need first to discuss the conse-

quences of the recursion inequality n(s) > n(s — 1) + p/2\/n? — n(s — 1) implied by
the event I ,. It is trivial to verify the following:
Lemma 6.3. The inequality

n(t+1) > n(t) + AVB —n(t) (6.9)

with n{(0) = C, A > 0,B > C > 0, implies that n({) is increasing for t < t* =
2/AVB ~C + 3 and n(¢") > B.

If we apply the lemma with A = p/2, B = n% and C = 4n we can conclude that
n(t) is increasing for ¢ < (4/p)v/n? ~4n + 1 and it is equal to n — n for some

t < (4/p)vVn?—4n < T(n,p). {6.10)

We can now complete the proof of the theorem. Using lemmas 6.1 and 6.3 and
the strong Markov property we get

P(Qn,:) > P(Qn,: n Ft—T(n,p)-l.t—l) z p4n[%(1 'e_CPﬁ)]T(n'”Pn
which concludes the proof of the theorem.

We now turn to the proof of an upper bound. Let for all p € (0,1) #(n) = alogn
with e = 4|log(1 — p)|~!. Then we have:

Theorem 6.2,
PR, )< 2n7k for any t > {(n)

with k = a|log 1|.
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Proof of theorem 6.2. We define the following event:

A, = {3 a connected cluster C C Q,; 0,(z) = 1,¥z € C and |C] > n?/2} (6.11)
next we write:

P{Q, )= P(Q,, N A,_,(n)) + P(R, N {A,_,,(n) does not hold}). {(6.12)

The second term in the RHS of {6.12) can be estimated by exp(—n'/?). In fact the
set

Dy yny =47 € Qui 0eyny(x) = 0} (6.13)

contains at least n points, otherwise A;_,(,) would be true, and it must be filled of
particles within an interval of time of length #(n) for Q, , to hold. The probability of
this last event is given by the following lemma:

Lemma 6.9, Let s < alogn and let D C Z* with |D] > k'n then

sup P(o,(z) =1Vz € D) < exp(—«'n'/?). (6.14)
o;09(x)=0,Yz€D

Proof of lemma 6.3.

sup Ploe,(z)=1¥Yzr e D)< P(Vz € D35’ < s;viz,s)=1)
a,oo{x)=0¥zeD

{A

(1= (1= p)")?! < exp —{IDI(1 — p)*) < exp —{x/ne*(2s3=))

exp _{ann—2a| log(l—p)|} - exp(_ﬂfnuz)‘

f

We now turn to the estimate of the first term of the RHS of (6.12). We write

P DA i) = P(Q, O A iy Nomiorny A
+P(Q,  NA N {3s € (t~ T(n),t];A, does not hold}). (6.15)

If we observe that in the square (7, there is at most one connected cluster C
with |C] > n?/2 completely filled with particles at any given time s, then the event
described in the first term in the RHS of (6.15) implies that the cluster of size greater
than n?/2 which was present at time t — T(n) did not die out for a time interval of
length T(r). The probability of this last event is bounded by (§)7(). The event
described in the second term of the RHS of (6.15) instead implies that at some time
s between t — T(n) and ¢ a cluster in @Q,, of size greater than n?/2 died out but that
nevertheless it has been filled with particles within time {. The probability of this last
event is again estimated via lemma 6.3 to get the bound exp(—£'n?). The theorem
now follows from the definition of T'(n). O
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6.2. Bounds on P(R,, ,) valid for p~ 1

For p sufficiently large the estimate given in theorems 6.1 can be improved. We have

Theorem 6.3. There exists a constant k sufficiently large such that for any p > py
and for any ¢ > 2T (n) where T(n) = 4/palogn we have

P(Qn,t) 2 n—ka(p)

where a > 4/]log(1 — p)| and p, is the critical probability for site-percolation in two
dimensions.

Sketch of the proof of the theorem 6.3. By the definition of our dynamics at each
time ¢

{zi0(x) = 1} 2 {z;0(t,2) = 1} (6.16)

and therefore we can estimate our configuration with a configuraticn of the site-
percolation mode]. As it is well known (see e.g. [14]) for this last model there ex-
ists a critical probability p, such that for p > p, with probability one there exists a
untque infinite connected cluster of particles with ‘holes’ which are large only with
small probability.

This enables us to conclude that at each time, with probability one, there exists
an infinite cluster of particles C, and with probability larger than 1—n~Pl) the sites
contained in the square @,, which are not in € is a union of disjoint sets (holes) each
one of size smaller than elogn , where o > a(p) with a(p) = 0 asp — 1 and § — o0
if @ — .

The strategy now follows that used in the previous section: we impose that the
cluster C, which is present at the initial time ¢ — 27°(n) survives for a time 27T(n) so
that each hole present at time { — 27°(n) shrinks during the time interval [t — 27(n),
t — T(n)] by the same mechanism explained in theorem 6.1 in such a way that at time
t — T(n) each cluster of empty sites inside @), consists of at most constant x log(n)
sites. These remaining empty sites cannot be filled with particles in one step withonut
paying too much in the probability but they can be eliminated in the last time interval
[t = T{n),t} by a simple procedure with probability close to one because of our choice
of T(n).

The implementation of these ideas is straighforward but quite lengthy and technical
and we therefore decided to skip it.

7. Ergodicity in the case of large p

In this section we study the problem of convergence to equilibrium and uniqueness of
the invariant measure in two dimensions for p close to one. We will work directly on
the infinite lattice. For large values of p, at each time ¢, an infinite cluster of particles
will be present since this already occurs for the independent process that creates the
particles. Using standard results from percolation (see e.g. [10]) it follows that the
infinite cluster will always be unique with probability one {or each time £.

Qur main result is the following:
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Theorem 7.1. There exists p, € (0,1) such that for any p € (p,, 1] there exists a
unique invariant measure p for the process; moreover there exists a positive constant
v such that for any cylindrical observable f we have

sup| [ du(n)f(n) = E, /(0] < C; expl(-30) (r.1)

where C; is a suitable constant depending on f.

Proof. Asis well known in the theory of stochastic particles systems the result follows
if we can prove that for a suitable coupling there exists p, € (0, 1) such that for any
p € (pg, 1] there exists a positive constant - such that
supsup P(e,(z) # n,(z)) < e (7.2)
"

z o,
We will therefore restrict ourselves to the proof of (7.2). The coupling that we will con-
sider is the usual one, namely the same realizations of the random variables {¥(z,?)}
and {£(C,t)} are used to construct the basic dynamics for any initial condition, with
only one extra rule:

If G, and C, are two different infinite clusters of %2 then £(C,,t) = £(C,,1).
This rule is compatible with our definition of the basic dynamics since at each time ¢
and for any given initial configuration ¢ the infinite cluster in o, 1s unique,

Because of the definition of our coupling the event o,(z) # »,(z) implies that one
of the following two events oceurred:

(8) oy_y(z) # m_y(2); or

(b) oy_i(z) = n,_,(z) = 1 and in this case, if we denote by C(e,z) (C(n, z)) the
clusters of particles containing x at time 1 — 1 for the configuration ¢ and n, we have
C(o,z) # C(n,z) and at least one of the two clusters say C(o,z) is finite. In both
cases we can define a point y,_ (z) at which the configurations are different at time
t - 1, in the following way:

(i) y;—1 = = in the first case;

(ii) y,_,(x) is such that o,_,(y,_;) # m_1(y,_;) and there exists a point z €
C(o,z) such that [z — y,_,[ = I. Such a point exists since (o, ) is finite and
C(o,z) # C(n, z). This implies that if we denote with p(t) = sup, sup, , P(o,(z) #
n,(z)) then we have the following inequality:

p(t) < Z supsup P (Jy such that |z —y| = R and y,_,(z) = yNeo,(z) # n,(z))
R>p ¥ 77

< (1-p)+ 3 PAM(EL- 1) (1.3)
L>4
where A; is the event:

Ap = {3 a closed loop of nearest neighbour sites around z,T, with |T'| > L
such that v(t,z) = 0Vz € I'}.

Standard results of percolation theory give the estimate:
P(AL) < em*PIL

with k(p) — oo as p — 1.
Thus for p sufficiently close to one we obtain the recursive inequality:

p(1) < Bp(t — 1) (7.4)
with @ < 1. It is clear that (7.4) proves (7.2) and thus the theorem. O
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Appendix. Proof of lemma 3.1

Al Proof of (i)
Let us order in increasing order the heights h{j) of the curve v defined in {3.9), as
fellows (see figure Al):

() hy = min;(h(})) )

(b) h; = min; (h(7); h(7) > h;_y)

{c) C; = {the set of maximal intervals J such that ¥j € J hlj) > hd.

1
.
T

i 3
f : i :
JLLEY [P AN S IS R,
he fzaprorozrozrrsiociompoooo: S S as A
] 1 1 [] ] ] ] 1 1 1 1 1 1
O kSt v e SR A AR B AR O
Bi.. B, - B, B, B, 8, - B,
1*1-4—-—\_-”.—.—,-.—-—-—-—;- -— —-
[} Ly
f} fi
Figure Al.

We remark that by construction C; ¢ C;_; and that the elements of the class C,
resist up to time t and they are separated one from the other by an nterval formed
by an integer number of blocks of length { which is never totally occupied during the
time interval [t;,1;_;}, where {; =t —h; and by convention £, = ¢, Let us define £; as:

P; = P(N;5;{each element, I € C; is never killed between ¢,,¢;_,
and any two elements in C; are separated by an interval that
is never iotally occupied during the time interval {¢;,¢; 1)} (A1)

Then clearly P, is an upper bound for P(S1, , N {r € I'}). Now let ¢; denote the
cardinality of C; and let X, denote the set of configurations ¢ such that at time ¢, they
are identically 1 on each element I of C; and have at least one empty site between any
two elements of C;. Then, using the Markov property, we can estimate F; by
P <P f:g P,{{each element I € C; never die between {;,t,

J

and any two elements in C; are separated by an interval that
is never totally occupied during the time interval [f;.¢; _,1}}). {A2)
Now using theorem 3.1 the last factor in the RHS of {A.2) is bounded by

(%)Cj(fj—wfj] (A.3)
and therefore by iteration:
Py < (hyFeitim i, (A.4)

If one observes that Le;(¢;_y — ;) is equal to the lateral length of ¥ and that this
last one coincides with 3 {A; 4 Al)/2 (see remark 2} we conclude that {A.4) proves

1Y of termma 3.1
gyotiemnmae.d.



3154 F Martinelli and E Scoppola

A2, Proof of (iii)
It simply follows by taking the geometric mean of (i) and (ii).

AS. Proof of (ii)

We first establish some simple results that we will need in the course of the proof.

Definition.  For any integer | we set:
(5) to(1) = (4] log(1 — )])* log(1).
(i) P,(l) = Plo, (h(2) = 1 Vz € [1,[I/3]]) and P(I} = sup, P, ().
(iil) M(l) = P(¥z € [1,{lv(x, s) = 1) for some s € [1,2,(])).
We have the following simple results:

H{I) = (1 = (1 — p)?o)! < exp(—11/2), (A.5)
Lemma A.1.
Jim P(1) = 0.

Proof. We take ! very large and we consider separately two different cases:
(1) There exists z, < I/3 — /2 such that o(z) = 1 Yz € [xg, z; + 112,
(2) There exists no z, satisfying this requirement.

In the first case we estimate p, (I} by

P,(1) £ P(x, never dies before t(l)) + P({3s < {,(1); the cluster containing
zq is killed at time s} N {o () = 1 V= € [L,[{/3]]}} (A.6)

note that the cluster containing , has length greater than ['/2 before it is killed.
Therefore we can estimate the RHS of (A.6) by

(5)°0 + to(HIY?)
and in this case the lemma follows. O

In the second case we have that at the initial time ¢ contains m empty sites, with
m > /2 Therefore

P (1) < (m) < TI(H)
and the lemma foilows. O

Now let By, ..., B, be blocks of length { such that dist(B;, B;) > 21 ¢ # j and
let £,,...,t, be integer times such that ¢, > t,({) where i,(I} is as earlier and let B}
and B be the right neighbour block and the left neighbour block of B;. Let also €,
denotes the event:

§t. = {B, is totally filled with particles at time t; and B}, BI

contain at least one empty site at time ¢; — -i;} (A.T)

Then we have
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Lemma A.2. For any p € (0, 1) there exists I{p) > 0 such that for any ! > I(p):
sup Pa(nizl...ngi) .<._ f(!)n
g

With lim_ f() = 0

Proof. Without loss of generality we may assume that [ is an integer multiple of 3
and that?, > ¢, i=1...n—k—1landt,=t,_;=...=t,_;. Nowlett, ={ —{(/)
andlet I = {i <n—k-1;i; > 1 }. Using the Markov property we can write

sup Po(Mizy. nf) < sup Eolignkm1,igriX(B)E,, Ty X ()T 1 x(6;)
(A.8)
We will prove that
QCHUY Vi=n—k . ..\n (A.9)

where €2} is a local event depending only on the variables »(z,s),§({,s) for (z,s) and
(I,s) strictly contained in (B} U B; U B;) x [{,.t,], and Q7 has a simple estimate
for its probability. In order to simplify the notations we will now denote by %BJ-
%BJ- gBj the first third, the middle third and final third of the block B; respectively.
Given an interval [a,b] we will also define the dynamics in [a, ] with ‘full boundary
conditions’ as the basic dynamics in [a, ] with the constraint that clusters containing
either @ or & or both never disappear. It is quite clear that in [a,b] we can couple
the two dynamics in such a way that the process evolving with the dynamics with
“full boundary conditions’ will always contain at least the same particles as the usual
process evolving with the basic dynamics.
In these notations the event Q}’ , ,Q; are defined as follows
Qf = {%Bj ig filled with particles at time t,} N {{B; U %Bj} was never completely
occupied with particles between ¢, and ¢, — 1} N {{ B} U §B;} was
never completely occupied with particles

between ¢, and ¢ — 1} (A.10)

Q} = {3, < s, < s, <1,; one of the blocks B;,B;’, _%JB,.,%Bj

is filled with particles at time s, starting empty at time s,

by the dynamics with full boundary conditions on the

boundary of the block}. ' {A.11)
The strategy now is the following: we first prove the inclusion (A.9) and then by
using theorem 3.1, which can be applied by the definition of the event 2}, we will

factorize the probabilities appearing in (A.8).
In order to prove (A.9} we show that

Q, N (2)° C . (A.12)
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Thus let us suppose that the event (2} did not happen; then there are two different
possibilities:

(a) In B; and in B+ there exists always an empty site for any time s € [t,,,t, - 1].
- (b) There exists a time interval [r),r,] C [{,,t, ~ 1] such that at least one of
the blocks B B;' has been completely full of particles for any time s (half integers
included} in irl, o).

In (a) (A.12) is obvious.

In (b) let for definiteness B;' be the block that is full during the time interval

[1‘1, 7'2] .

Remark I. There cannot exist any other interval [#},74] C [£,,,1,, — ] with say r{ > r,
where B} is full, since in that case, by choosing s, = r, and s, = {, §2; would have
occurred for the basic dynamics and a fortior: for the dynamics with full boundary
conditions.

Remark 2. During the time interval {r,, r2] the block %Bf cannot be totally full of

particles. In that case in fact at time r, + 1 5 3BJ+ would be empty and, therefore, by
choosing s, = r, and 5, =1t,,, Q} would have occurred.

Conclusion, For any s € [I,,1,] i ng is full then there exists an empty site in BJ;"
and analogously for B} and B} . Therefore (A.12} follows.

We are now in a position to complete the proof of lemma 2.3, Using (A .9} we first
estimate the RHS of (A.8) as

sup Eonit_(n—k-l,igl)((gi)Eo;“ Hj:n—k,..n(X(Q;') + X(Qﬁ'))(ﬂ,-ux(ﬂ,- ). (A.13)

At this stage we use the structure of the events {; Q7 together with theorem 3.1
to estimate the RHS of (A.13) by

SupEaH:<n k~1,i¢1X{()E o7, (Mg rx (8 ) sup a{”(QEUQ;.’)]*'

I,pJ

= SUP Eanign—k—l,X(Qi)f([)L (A.14)

where f(I) = sup,, ;P (Q‘ U Q).
Thus by iteration

Sllp Po(nizl“.ngi) s f(l)“
o
Thus it remains to prove that lim,_, , f(I) = 0.
We estimate f(I) by
f(I) < sup. P, Q)+ P, (Q5). (A.15)

Cigd

The first and the second term in the RHS of (A.15), using the definition of €2, Q'
can be bounded by

IRORNORE and P()

respectively. Thus f({) tend to zero as ! — oo because of (A.5) and lemma 3.2. The
lemma is proved. a
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We can now finish the proof of lemma 3.1. Clearly the blocks B; that are either
terraces or relative maxima for the curve 7y € I' satisfy the hypotheses of lemmma 3.3
provided the maximum height of v does not exceed t — T'({), with the only possible
exception of being at relative distance at least 21, This last problem is easily overcome
by separating the set of relative maxima and terraces into two classes such that any
two elements in the same class satisfy these distance condition, and then, using the
Schwartz inequality, by estimating the probability of the intersection of the two classes
with the product of the square root of the probability for each class. The prohability
of each class is estimated using lemma A.2. The final result is

P(Q, N{y el < fUF+/*

provided 1 is large enough depending on p and f({) is as in lemma 2.3. Lemma 2.1 is
proved with m(l, p) = —log(f({)).
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